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Handout #7: Polyhedra and extreme points

Deadline: Monday 30/12/02.
(Questions 2-4 are from the book of Bertsimas & Tsitsiklis.)

1. LetA denote anm×m matrix,C denote anm× (n−m) matrix,In−m denote
the identity(n−m)× (n−m) matrix, andO denote the all zeros(n−m)×m
matrix. LetX denote the matrix with the following blocks:

X =

(
C A

In−m O

)
.

Prove: ifrank(X) = n, thenrank(A) = m.

2. We know the following facts:

• Every linear program can be reduced to an equivalent linear program in
standard form. (Can you define what equivalence of linear programs means
here?)

• If P is a non-empty polyhedron represented in standard form, thenP con-
tains at least one extreme point.

What is wrong with the following conclusion? IfP is a non-empty polyhedron,
then it contains at least one extreme point.

3. (extreme points of isomorphic polyhedra) Anaffine transformationis a mapping
f : Rn → Rm that is defined by

f(x) = Ax + b,

whereA is anm× n matrix andb is a vector.

Let P ⊂ Rn and LetQ ⊂ Rm denote two polyhedra. We say thatP andQ are
isomorphicif there exist affine transformationsf : Rn → Rm andg : Rm → Rn,
such that

g(f(x)) = x for everyx ∈ P

f(g(y)) = y for everyy ∈ Q.

(a) Show that there is a one-to-one correspondence between the extreme points
of P and the extreme points ofQ. (Hint: show that ifx ∈ P is an extreme
point, then so isf(x) ∈ Q.)
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(b) Prove that introducing slack variables leads to an isomorphic polyhedron.
Formally, let

P = {x ∈ Rn | Ax ≥ b, x ≥ 0} ,

whereA is anm× n matrix. DefineQ as follows:

Q =
{
(x, z) ∈ Rn+m | Ax− z = b, x ≥ 0, z ≥ 0

}
,

wherex ∈ Rn andz ∈ Rm.

Prove thatP andQ are isomorphic.

4. (Carath́eodory’s theorem) LetA1, . . . ,An be a collection of vectors inRm.

(a) The cone spanned by{Ai}n
i=1 is defined by:

C =

{∑
i

λi ·Ai | λ1, . . . , λn ≥ 0

}
.

Show that everyx ∈ C can be expressed as the linear combination of
at mostm vectors in the set{Ai}n

i=1. Moreover, show that in this linear
combination only positive scalars can be used. Hint: Given a vectorb ∈ C,
consider the polyhedron:

Pb = {λ ∈ Rn | Aλ = b, λ ≥ 0}

(b) LetP denote the convex hull of the vectors{Ai}n
i=1. Namely,

C =

{∑
i

λi ·Ai |
∑

i

λi = 1, λ1, . . . , λn ≥ 0

}
.

Show that everyx ∈ C can be expressed as the convex combination of at
mostm + 1 vectors in the set{Ai}n

i=1.
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