




Question #4. (Bit scaling algorithm of Gabow [1985]). Let k = dlog2 Ue in a net-
work N . In the bit-scaling algorithm for maximum flow, each arc capacity u(e) is
represented as a k-bit binary number (leading zeros are added, if needed).

The problem Pi is a flow problem over the same network but with the capacity
ui(e) defined as follows. If u(e) is encoded by bk−1bk−2 · · · b0 ∈ {0, 1}k. Then ui(e)
is the binary number bk−1bk−2 · · · bk−i and ui(e) =

∑i−1

j=0
bk−i+j · 2

j .
Let f ∗

i denote a maximum flow in Pi.
The algorithm finds a max-flow in the network N by computing maximum flows

f ∗

i in Pi, starting with P1. Note that Pk is the original problem.
After computing f ∗

i (a max-flow in Pi), the algorithm computes f ∗

i+1 by using 2 ·f ∗

i

as an initial flow in Pi+1.

1. Show that 2 · f ∗

i is a feasible flow in Pi+1.

2. Show that the difference between the maximum flow value in Pi+1 and the flow
value 2 · |f ∗

i | is at most m.

3. Show that f ∗

i+1 can be computed in O(mn) time using shortest augmenting paths
if one starts with 2 · f ∗

i .

4. Analyze the total running time of this algorithm.


