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Goals

m Binary addition - definition
m Ripple Carry Adder - definition, correctness, cost, delay
m Carry bits - definition, properties

m (*) Conditional Sum Adder - definition, correctness,
cost, delay

m (*) Compound Adder - definition, correctness, cost,
delay

Binary Addition

DEF: A binary adder with input length » is a combinational
circuit specified as follows.

Input: Ajn—1:0],B[n—1:0] € {0,1}", and C[0] € {0,1}.
Output: S[n —1:0] € {0,1}" and C[n] € {0,1}.
Functionality:

-

(8) + 2" - Cln] = (A) + (B) + C[0]

m A, B - binary representations of the addends.
m C[0] - the carry-in bit.

m S - binary representation of the sum.
m C'[n] - the carry-out bit.

Question: is the functionality of Abber(n) is well defined?

Lower bounds

Prove that for every apbber(n):

® ¢(ADDER(n)) = Q(n)

® d(ADDER(n)) = Q(logn)

Full Adder

A Full-Adder is a combinational circuit with 3 inputs
x,y,z € {0,1} and 2 outputs ¢, s € {0, 1} that satisfies:

2e+s=v+y+z

m A Full Adder computes a binary representation of the
sum of 3 bits.

m s - called the sum output.

m ¢ - called the carry-out output.

m We denote a Full-Adder by Fa.

Ripple Carry Adder - rRcA(n)

Bin—1] Aln—1]  Bln—2] Ajn—2| B AQ Blo] Af0]

CnlSn—1 Cln—1] Sn—-2 Cln—2 c[2] S[1)

m carry-out output of Fa; is denoted by c[i + 1].
m weight of every signal is two to the power of its index.

m rea(n) - algorithm that we use for adding numbers by
hand.
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Correctness proof

To facilitate the proof, we use an equivalent recursive
definition of rca(n).
The recursive definition is as follows.
m Basis: an rca(1) is simply a Full-Adder.
m Step:
Bln—1 Ajn—1] Bn—2:0] Aln—2:0]

|| fri

— clo]

FA,_1 RCA(n — 1)
C S

LT e

Cln] S[n—1]  Cn—1] Sn—2:0]

Correctness - cont.

The proof is by induction on n.

The induction basis, for n = 1, follows directly from the defi-
nition of a Full-Adder.

Induction Step

The induction hypothesis, for n — 1, is

(1) (Aln—2:0])+ (B[n—2:0]) + C[0] =
271 Cln— 1]+ (S[n — 2 : O]).

Full-Adder definition
(2) Aln—1]+Bn—-1+Cn—1]=2-C[n]+ Sh —1].
Multiply (2) by 27! to obtain

(3) 2L An—-1+2" . Bn-1]+2" - Cn-1] =
2" . Cln) + 2" S[n —1].

(1) (An—2:0))+ (Bn—2:0]) +C[0] =

271,—1 'C[TL _ 1] + <S[n -2 OD

(3) 2L An—1)+2" . Bn-1]+2"" . Cn-1] =

2" Cln) + 2" S[n—1].

Note that 27~1 - Afn — 1] + (A[n — 2 : 0]) = (A[n — 1: 0]).
N +@) =

2" Ol =1+ (An—1:0) + (Bln—1:0]) + C[0] =

2" Cln] + 2" Cln—1] 4 (S[n—1:0]).

Cancel out 2" . C[n — 1]. QED.

Cost & Delay Analysis

The cost of an rca(n) satisfies:
c(RcA(n)) = n - c(FA) = O(n).
The delay of an rca(n) satisfies

d(rca(n)) =n-d(Fa) = O(n).

Is RcA(n) good enough?

m Clock rate = 1GHz = 10°H 2
= clock period = 10~ %sec = 1ns.

m Delay of gate ~ 100ps = 0.1ns.
md(FA) ~ 2 - d(gate) ~ 0.2ns.

m = Within a clock period we can only add 5-bit
numbers...

m Question: How are > 100 bits added in one clock cycle?



Carry bits

DEF: The carry bits associated with an addition
(A) + (B) + C[0] are the signals C[n : 0] in an rca(n).

Bln—1 Ajn—1]  Bln—2] Ajn—2] B[] Af] Bl0] Al0]
- :
FAp—1 Ij‘r\n—i . . FAy N . FAq .
CllSin—1 Cl—1] Sn—2] Cln—2 cpl s o sl

remark 1: redundant & non-redundant representations

Functionality of an adder:
(Aln—1:0]) +(B[n—1:0])4+C[0] =2"-C[n]+ (S[n — 1: 0]).

mlLetz = (A) + (B) + C[0].
m z admits two representations (left-hand side, right-hand
side)
m C[n] - S[n—1:0] - binary representation of .
m Binary representation is non-redundant:
Every value has a unique representation.

X)=)e=X=VY.

remark 1 - cont
Functionality of an adder:

(Aln—=1:0)) +(B[n—1:0]) +C[0] = 2" - C[n] + (S[n — 1 : 0]).
myz=(An—1:0])+ (Bln—1:0])+C0].

m many possible combinations of (A), (B) and C|0]. For
example: 8=4+3+1,andalso8 =5+ 3+0.
m — redundant representation.

m in redundant representation:
X #£Y #= value(X) # value(Y).

m = in redundant representation: comparison is
complicated.

m ADDER(n) - translates a redundant representation to a
non-redundant binary representation.

remark 2: cones

The correctness proof of rca(n) implies that, for every
0<i<n-—1,

(A[i - 0]) + (B[i : 0]) + C[0] = 2" . CJi 4 1] + (S[i : 0]).
This equality means that:
cone(Cli + 1]), cone(Sli : 0]) € A[i : 0] | J Bli : 0]_J C[0].
Question: Prove that

cone(S[i]), cone(Cli + 1]) = Afi : 0] | J Bli : 0] J C[0].

remark 3

(A[i : 0]) + (B[i : 0]) + C[0] = 2771 - Ci + 1] + (S[i : 0]).
— forevery 0 <i<n-—1,

(S[i : 0]) = mod((A[i : 0]) + (B[ : 0]) + C[0], 2F").

remark 4: reductions sum-bits «— carry-bits

The correctness of rca(n) implies that, for every
0<i<n-—1,

Sli] = xor(A[i], Bli], C[i]).
= forevery 0 <:<n-—1,

Cli] = xor(Ali], Bli], S[i)).
= constant-time linear-cost reductions:

Sln—1:0]— Cln—1:0]

Cln—1:0]—> Sn—1:0]
= if Circuit computes C[n — 1 : 0] with O(n) cost and (logn)
delay, then we know how to add with same asymptotic cost
& delay.
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Goals

m Design an adder with O(logn) delay and O(n) cost.
m Learn some interesting methods along the way...

reminder: reduction sum-bits — carry-bits

The correctness of rca(n) implies that, for every
0<i<n—1,

S[i] = xor(Al[d], B[i], Cd]).
= constant-time linear-cost reduction:
Sn—=1:0——Cln—1:0]

= if Circuit computes C[n—1 : 0] with O(n) cost and O(logn)
delay, then we know how to add asymptotically optimally.

Computing the carry bits - preliminary

Functionality of Full-Adder (ith Fa in rca(n)):

0 ifAli] + Bli|+C[i] <1

Ci+1l= {1 if Ali] + BJi] + C[i] > 2.

Claim:
Ali]+ Bli]l=0 = C[i+1]=0
Al +Bli|=2 = Cli+1]=1
Alil+ Blij=1 = Cli+1]=C][i]
—

mif Ali] + B[i] € {0, 2}, then easy to compute C[i + 1].
mif Afi| + B[i] = 1, then “ripple effect” of carry.

definition of o[n — 1 : —1]

DEF:fori=-1,0,...,n—1

N b el ifi=—1
oli] = Ali] + B[i] ifie[0,n—1].

Note that o[i] € {0,1, 2}.
Claim: forevery —1 <i<n-—1,

Cli+1]=1 =  F<i:olirf=1"7.2

example with o[n — 1 : —1]

s 20[0} ifi=—1
oli] = Ali] + B[] ifie[0,n—1].

Claim: forevery -1 <i<n-—1,

Cli+1]=1 =  F<i:olizg=17.2

Example: A[3: 0] = 0110, B[3 : 0] = 0011, C[0] = 0.

position |4 [3[2[1|0][-1]
A o[1]1]o0
B 0/01][1
S 1[o]o][1
C JoJ1][1]0]o0
o oj1|2[1]o0



http://www.eng.tau.ac.il/~guy/

Proof: ofi : j]=1"7-2=Cli+ 1] =1

m By induction on i — j.
m Basis i — j = 0: in this case o[i] = 2.
Ifi = —1, then C[0] = 1.
Ifi >0, then A[i] + B[i] = 2. Hence C[i + 1] = 1.
m Ind. Step: note that ofi — 1: 5] = 17771 .2,
m Ind. Hyp. = C[i] = 1.
m Since oli] = 1, we conclude that
Ali] + B[i] +C[i] = 2.
N———

oli]=1

m Hence, Cli+ 1] = 1.

Proof: Cli+1]=1=3j<i:oli:j]=1"7.2
m By induction on i.
m Basis : = —1: in this case C[0] = 1, hence o[—1] = 2. Set
j =i
m Ind. Step: Assume C[i + 1] = 1. Hence,
Ali] + B[i] +C[i] > 2.
[1

o[i] = 0: contradiction.

oli] = 2: setj = i.

olil]=1: = Cli] = 1.

Ind. Hyp.
—

Cli] =1 Jj<i:oli—1:5]=1"7"1.2

oli|=1

Jj<i:oli:j]=1"79.2

Corollary: method for computing C/[i + 1]

Cli+1]=1 =  F<i:olizf=17.2

Corollary:
Cli+1] = or((afi : =1] == 1""1.2),
(ofi: 0] == 1¢-2),
(oli:1] ==1""1.2),

Carry-Lookahead Generator

Cli+1=1 <+  3<i:

oli] olj+1] a[j] oli] £2

OR-tree(i + 2)

Cli+1]

AND-tree(i — j + 1)

olij] L1792

Carry-Lookahead Generator: cost & delay
m constant cost & depth comparison gates for deciding if :
oli] =1
oli] =2
m Use a row of comparison gates for o[ : j].
m Feed outputs of comparison gates to anp-tree(i — j + 1).

m Cost of test ofi : j] = 1677 - 2

c(anp-tree(i — j + 1)) + (¢ — j + 1) - c(comparison)
=0(i —j).

m Delay of test o]i : j] = 1177 .2

d(comparison) + (anp-tree(i + j + 1))
= O(log(i — j))-

Carry-Lookahead Generator: cost & delay - cont.

mTestif ofi : j] =177 .2forj = —1,0,...,i.
m Cost of computing C[i + 1]:

> cltesting if ofi - j] = 177 - 2) = Z 0 —j)

j=-1 j=-1
=0(i%).
m Delay of computing C[i + 1]:

~max O(log(i — 7)) = O(log i).
j=—1l..1

m = cost of computing C[n : 1]: 31 O(i2) = O(n?).
m _.usually applied only to short blocks (e.g. 4 bits)



Carry-Lookahead Adder: typical description

Carry-Lookahead Adder: typical description

Carry-Lookahead Adder: typical description
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Figure 10.7: 32-BIT CARRY-LOOKAHEAD ADDER USING cLa-4 AND cLG-4 MODULES.

from: Introduction to Digital Systems, M.D. Ercegovac, T. Lang, and J.H. Moreno, Wiley and Sons, 1998. - p.55

Claim: (homework) * is an associative function. Namely,

Va,b,c € {0,1,2} : (axb)xc=ax (bxc).

Question: Is x commutative?

P56

P57



A stronger claim
Claim: Forevery —1 <i<n -1,
Cli+1]=1 — wli:—1] =2.
Corollary: Can compute C[i + 1] using a x-tree(i + 2).
=
c(compute C[i + 1]) = O(4)
d(compute C[i + 1]) = O(log ).

= n
c(compute Cln : 1]) = Y O(i) = O(n?)
i=1

d(compute C[n : 1]) = O(logn).

explains carry-lookahead generator... still too expensive!

Proof: C[i + 1] =1 <= 7[i : —1] =2

From previous claim, it suffices to prove that

3j<i:oli:j]=177.2 = qfi:-1]=2

Proof: ofi: j]=1"7-2=rx[i: —1] =2

m Assume that ofi : j] = 1"77 . 2,
"=

wli: 3] = 2.
mIf j = —1 we are done.
m Otherwise,

Proof: 7fi : —1|=2=3j<i : oli: j]=177.2

m Assume that n[i : —1] = 2.
m [f, for every ¢ < i, o[(] #2,thenn[i: —1]#2,a
contradiction. Hence

{e[-1,i] : olf] =2} # O.

mLet
jEmax{le[-1,i] : off] =2}.

mrj:—1] =2(since 2*a = 2).
m We claim that o[¢] = 1, for every j < ¢ <.

Proof: i : —1]=2=3j <i : ofi:j]=1"7-2

Let
jEmax{le[-1,i] : olf] =2}.
We claim that o[¢] = 1, for every j < ¢ <.

m max. of j = for every j < ¢ <i: o[l] # 2.

mif o[f] =0, for j < ¢ <i, thennl[i: (] =0.
=
wli: =1 =n[i: f*a[l—1:—-1]=0,

a contradiction.

msince ofi : j + 1] = 1°~7, we conclude that
oli:j] =177 .2, QED.

Prefix Computation Problem

DEF: Let ¥ denote a finite alphabet. Let or : X2 — %
denote an associative function. A prefix computation over ©
with respect to op is defined as follows.

Input z[n—1:0] € X"
Output: y[n — 1: 0] € X" defined recursively as follows:

y[0] = z[0]
yli + 1] = op(z[i + 1], y[d]).

Note that y[:] can be also expressed simply by

Yi = 0Pi+1(1‘[ﬂ7$[i - 1]7“‘ 1[0])



Reduction: C'[n : 1] — Prefix Computation Prob.

The Claim
Cli+1]=1 — wli: -1 =2

implies a reduction of the problem of computing C[n : 1] to a
Prefix Computation Problem:

my={0,1,2}

B OP = %

minput: o[—1:n)

m output: y[i] = «fi : —1].

Prefix Computation Problem - example

By ={0,1}

B OP = OR

= ppc—oR(n) used to design a Unary Priority Encoder

U-PENG(n).

Parallel Prefix Circuit

DEF: A Parallel Prefix Circuit, prc—or(n), is @ combinational
circuit that computes a prefix computation. Namely, given
input z[n — 1 : 0] € X", it outputs y[n — 1 : 0] € ", where

yi = oPir1(x[i],x[i — 1], ..., 2[0]).

m representation of values in X - not addressed.
m assume: some fixed representation is used.

m op-gate: given representations of a,b € X, outputs a
representation of or(a, b).

PPC—OP(n) - questions

Question: Design a pprc—or(n) circuit with linear delay and
cost.

Question: Design a ppc—op(n) circuit with logarithmic delay
and quadratic cost.

Question: Assume that a design C(n) is a prc—or(n). This
means that it is comprised only of or-gates and works
correctly for every alphabet © and associative function

op : 2 — %. Can you prove a lower bound on its cost and
delay?

PPC—OP - implementation

m A recursive design.

m We already saw a divide-and-conquer design for
ppc—oR(n) With cost ©(n - logn).

m Aim for O(n) cost.

m “odd-even” divide-and-conquer (as opposed to left/right
side divide-and-conquer).

m basis n = 2: an op-gate.
m recursion step...

PPC—OP(n) - recursion step

en—1 a2  al-3  an-4) (3] 2[2) 2[1] (0]

['ln/2=1] 2'[n/2 - 2] o0 9 z'[1] ‘
/2= 1] Vinz-y [PPOTOP(/2) W0

or-gate| or-gate|

yln — 1] yln—2] yln —3] yln —4] y[3] y[2] yl1] y[0]




PPC—OP(n) - correctness

m By induction. Basis: holds trivially for n = 2. We now
prove the induction step.

m2'[n/2 —1:0],y'[n/2 — 1] - inputs/outputs of prc—or(n/2).
m 2'[i] — op(x[2i + 1], z[2i]).
m Induction hypothesis:

Y'li] = opira (@'[dl, ..., 2"[0])
= OP2ipa(x[20 + 1], x[0]).

m y[2i + 1] «— y'[i] = odd indexed outputs
y[1],y[3],...,y[n — 1] are correct.

PPc—0OP(n) - delay analysis (n = 2%)

st -2 a3 n—4 = ) o1 +[0]

rrwz = EEr)

B
fnf2— 1 slnjz-z  |FFC 0oP(n/2) i

d(op-gate) ifn=2
d(prc—opr(n/2)) + 2 - d(op-gate) otherwise.

d(ppc—oP(n)) = {

If follows that

PPG—OP(n) - cost analysis (n = 2%)

c(op-gate) if n=2

c(PPc—oP(n)) = {
It follows that

k
c(Ppc—0p(n)) = > (2" — 1) - c(oP-gate) + c(op-gate)

m y[2i] — op(z[2i], y'[i — 1]) = y[2i] = op(x[24], y[2i — 1]). =2
m = even indexed outputs are also correct. QED d(ppo—op(n)) = (2logn — 1) - d(op-gate). =(2n—4—(k—-1)+1)-c(or-gate)
o0 . = (2n —logn — 2) - c(opP-gate). .
PPG-0P(n) - corollary ppc—OP(n) - fanout putting it all together

Corollary: If the delay and cost of an or-gate is constant,
then

d(ppc—or(n)) = O(logn)

c(ppc—oP(n)) = O(n).

=
Y ={0,1} &op =0R
= asymptotically optimal u-penc(n).
mY={0,1,2} &or ==
= compute carry-bits C[n : 1] with O(n) cost and
O(logn) delay.

m Insert a buffer in every branching point of the prc—or(n)
design.

m = constant fanout.

m Question: What is the maximum fanout in the prc—or(n)
design. Analyze the effect of inserting buffers to the
cost and delay of prc—or(n).

i

[ T s ora \

Compute o[n — 1 : —1]: Cost & delay are constant per o[i].
= total cost is O(n) & the total delay is O(1).

ppc—# (n): Compute product =i : —1] from o[i : —1], for
everyic [n—1:0].

The cost O(n) and delay O(logn).

Extraction of C'[n : 1]: Recall C[i + 1] = 1 iff #[i : —1] = 2.
Compare each =[i : —1] with 2. The result of this
comparison equals C[i + 1].

The cost and delay is constant per carry-bit C[i + 1].
Total cost of this step is O(n) and the delay is O(1).

Computation of sum-bits: The sum bits are computed by
Si] = xors(A[1], B[i], C[i).
Cost of this step is O(n) and the delay is O(1).

c(pprc—orP(n/2)) + (n — 1) - c(or-gate) otherwise.



Fast Addition

By combining the cost and delay of each stage we obtain
the following result.

Theorem: The adder based on parallel prefix computation
is asymptotically optimal; its cost is linear and its delay is
logarithmic.

Summary

m Presented an adder with asymptotically optimal cost
and delay.

m Design based on two reductions:

reduction of the task of computing the sum-bits to
the task of computing the carry bits.

reduction of the task of computing the carry bits to a
prefix computation problem.

m A prefix computation problem is the problem of
computing op;(z[i — 1:0]), for 0 < i < n — 1, where or is
an associative operation.

m ppc—0oP(n) - a linear cost logarithmic delay circuit for the
prefix computation problem.

m Can use prc—or(n) for asymptotically optimal u-penc(n).
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