Question 2.3

Prove that the total amount of time spent in the
relaxation steps is linear in the number nodes if
the fan-in of each gate is constant (say, at most 3).

Note that it is not true that each relaxation step can
be done in constant time if the fan-in of the gates
is not constant.

Prove linear running time in the number of nodes if
(1) every net feeds a single input terminal and (ii)
the number of outputs of each gate is constant.
(You may not assume that the fan-in of every gate
is constant.)
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A circuit with 22 paths

3] o] (1] 1 T- J 2 options

Note: n/2 stages with 2 options each, resulting in 272
paths.

- There is no need to check all the paths, only the
longest. This takes a linear time.
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A circuit with 2" paths

e _..cannot be built!

* Why? A combinational circuit is a DAG,
therefore we cannot reorder the gates to create
different paths. Our only option is to include or
exclude gates to create different paths.

* But, having n gates, we only have 2" such
paths. Each gate can be included or excluded,
therefore 2".

Finding the Maximum Delay
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Definition:

A Boolean function f:{0,1}" ={0,1} is
monotone if x>y =f(x)= f(y)

(where x =y means : for every i x;, >y, ).

Prove the following claim:

f:{0,1}" ={0,1} is monotone iff fcan be
implemented by a combinational circuit that
contains only AND-gates and OR-gates.




Question 3.3

Design a zero-tester defined as follows.
Input: x[n-1 : 0].

Output: y

Functionality:

y = L iff x[n-1: 0] =0™

1. Suggest a design based on an or-tree.
2. Suggest a design based on an and-tree.

3. What do you think about a design based on a tree
of nor-gates?

Associative Boolean functions

A Boolean function
f:{0,1}>—{0,1} is associative if
f(f(Gl,Gz)aC%) = f(Glaf(62a63))
for every 6,, 5,,0;€ {0,1}

Question 3.7

Prove that if n = 2%-r, where 0<r<2k1,
then any partition in which

2kl r<a<2%! and b=n - ais a balanced
partition.

balanced partition

Two positive integers a,b are a balanced
partition of n if:

1. a+b=n,
2. MaX{ﬂngaW,ﬂogsz } <[log,n|-1




Question 3.8

Consider the following recursive algorithm for
constructing a binary tree T, with n>2 leaves.
Prove that the depth of T, is [log,n].

1. The case that n<2 is trivial (two leaves connected
to a root).

2. If n > 2, then let a, b be balanced partition of n.

3. Compute trees T, and T,. Connect their roots to a
new root to obtain T,,.




