
Adders,PPC

On the moon…

� RCA

2

� Linear Delay
� Linear Cost

( )( ) ( )nnAdderCost Ω=

Lower Bounds – Adder(n)

3

( )( ) ( )nnAdderDelay logΩ=

First shot

� Split the numbers to LSB and MSB

B[n/2-1:0] A[n/2-1:0]B[n-1:n/2] A[n-1:n/2]

4

� What is the problem with this solution?

Y[n/2-1:0]Y[n-1:n/2]

CinCin Cout
Cout



Second Shot :Dancing on both 
weddings

5

White box

6

Conditional Sum Adder – CSA(n)

csa(k)

k

A[k − 1 : 0]

k

B[k − 1 : 0]

k

C[0]

csa(n − k)

n − k + 1

csa(n − k)

n − k + 1

B[n − 1 : k] A[n − 1 : k]

n − k n − k

C0[n] · S0[n − 1 : k]

B[n − 1 : k] A[n − 1 : k]

n − k n − k

C1[n] · S1[n − 1 : k]

01
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1 0

k

S[k − 1 : 0]

C[k]

n − k + 1n − k + 1

n − k + 1

· −· −

mux(n − k + 1)

C[n] · S[n − 1 : k]
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� Delay

( ) ( / 2) MUXD n D n T= +

( ) logMUXD n T n⇒ = ⋅

Delay & Cost

8



� Cost
� logn recursive stages
� In each stage we triple 

the number of FA’s
� How many full adders?

log log3 1.583 n n n= =

9

� How many MUX’s?

log log3 1.583 n n n= =

2

2 3

log

1.58

( / 2) (3/ 2) ( / 2) (3/ 2) ( / 2) ...

( / 2) [1 (3/ 2) (3/ 2) ...]

(3 / 2) n

n n n

n

n

n

+ ⋅ + ⋅ + =

= ⋅ + + + =

= ⋅

=

CSA(n) - Delay and Cost analysis under fan-out limitations
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CSA(n) - Delay and Cost analysis under fan-out limitations

1 0

csa(k)

k

A[k − 1 : 0]

k

B[k − 1 : 0]

k

C[0]

C[k]

csa(n − k)

n − k + 1

csa(n − k)

n − k + 1

n − k + 1

B[n − 1 : k] A[n − 1 : k]

n − k n − k

C0[n] · S0[n − 1 : k]

B[n − 1 : k] A[n − 1 : k]

n − k n − k

C1[n] · S1[n − 1 : k]

mux(n − k + 1)

01

1n – k + 1
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Assume that n = 2l and set k = n/2,

( )( )
( )

( )( ) ( ) ( ) ( )



+⋅+

=
=

otherwiselog

1 if

22 MUXdbufdCSAd

nFAd
nCSAd

nn

( )( )
( )

( )( ) ( ) ( ) ( ) ( )



⋅++⋅Θ+⋅

=
=

otherwise13

1 if

22 MUXcbufcnCSAc

nFAc
nCSAc

nn

S[k − 1 : 0]

n − k + 1

C[n] · S[n − 1 : k]

( ) ( ) ( ) 1log 22 ++= nndnd

( ) ( ) ( ) 12loglog2 +−+= nd n

( ) ( )nd n log2 +=

( ) ( ) ( ) 1 :simplicityfor 

  ,2

===

=

bufdMUXdFAd

n l

12

( ) ( )nd log2 +=

( ) ( ) ( ) ( ) ( ) ( )( )li
nnnnnd
2242 logloglogloglog1 +++++++= KK

( )( )0111 +++−++= Lll

( )2lΘ=

( )( )n2logΘ=



( ) ( ) ( ) ( ) ( ) ( )bufcnMUXccnc nn ⋅Θ+⋅++⋅= 13 22

( ) ( ) ( )ncnc n Θ+⋅= 23

Master Theorem for recurrences provides: 

( ) ( ) ( )58.13log2 nnnc Θ≈Θ=

13

( ) ( ) ( )

To conclude, in CSA(n) design:

• No change in cost asymptotics due to fan-out limitations.

• Quadratic increase in delay asymptotics due to fan-out limitations. 

The PPC-OP Circuit

x[0]x[1]x[2]x[3]x[n − 4]x[n − 3]x[n − 2]x[n − 1]

14

op-gateop-gateop-gate

op-gateop-gateop-gateop-gate

y[0]y[1]y[2]y[3]y[n − 4]y[n − 3]y[n − 2]y[n − 1]

x′[n/2 − 1] x′[n/2 − 2] x′[1] x′[0]

y′[n/2 − 1] y′[n/2 − 2] y′[1] y′[0]
ppc–op(n/2)
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PPC-OR

15
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PPC-OR
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PPC-OR
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PPC-OR
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Correctness of PPC-OR

19
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Correctness of PPC-OR (cont.)

• The correctness of the design:

• Note the design is given for n = 2k . 

• Prove by induction on k. 

20

• Basis: k = 1, Trivial (correctness of OR).

• Hypothesis: Assume correct for all j<k+1.

• Step: Prove for k+1. 

• Observation: If y[s] = 1, then y[t] = 1 for t >= s.



Correctness of PPC-OR (cont.)
Separate into two cases: 

If the leading one is on the [n/2:n-1]

� The leading x values are 0, and hence 
y[0:n/2-1] = 0 (as should be).  

21

y[n/2:n-1] are correct by the induction.

If the leading one is on the [0:n/2-1] 

� All the trailing outputs should be 
1(observation). So y[n/2:n-1] = 1.  

y[0:n/2-1] are correct by the induction.  

Non 2 k PPC-OR

•For this case, we use the padding idea. 

•We pad the number of bits to be a whole power of 
2. 

22

•Question: What should it be padded with? 

•Answer: Doesn’t matter for the PPC-OR as long as 
you pad at the end of the input and ignore the 
relevant bits in the output. 

Delay analysis of PPC-OR
•d(n) = d(n/2) + 1. 

•� d(n) = log(n). 

•For n ≠ 2k, the padding leads to d(n) = log(n). 

23

Q1 from Exam 2000a

� Input: x[0:n-1]
� Output y[0:n-1]
� Functionality: 

� Let s[j] = Σ x[k] (k=0..j)

24

� Let s[j] = Σ x[k] (k=0..j)
� Let t[j] = Σ s[k] (k=0..j)
� y[j] = 1 if and only if s[j] and t[j] are even. 



First Shot

� The Design is 
correct.

� Asymptotically 
optimal:

25

optimal:
� Delay = O(log(n))
� Cost = O(n)

Q1 from Exam 2000a  (cont.)
� Note that: 

� s[0] = x[0].
� s[1] = x[0] + x[1]. 
� s[2] = x[0] + x[1] + x[2]. 
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� s[3] = x[0] + x[1] + x[2] + x[3]. 
� t[0] = x[0]. 
� t[1] = 2x[0] + x[1].
� t[2] = 3x[0] + 2x[1] + x[2]. 
� t[3] = 4x[0] + 3x[1] + 2x[2] + x[3].

� Note that: 
� Parity(s[0]) = XOR(x[0]).
� Parity(s[1]) = XOR(x[0] + x[1]). 
� Parity(s[2]) = XOR(x[0] + x[1] + x[2]). 

Q1 from Exam 2000a  (cont.)
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� Parity(s[3]) = XOR(x[0] + x[1] + x[2] + x[3]). 
� Parity(t[0]) = XOR(x[0]). 
� Parity(t[1]) = XOR(x[1]).
� Parity(t[2]) = XOR(x[0] + x[2]). 
� Parity(t[3]) = XOR(x[1] + x[3]). 

� s[0] = x[0].
� s[1] = x[0] + x[1]. 
� s[2] = x[0] + x[1] + x[2]. 
� s[3] = x[0] + x[1] + x[2] + x[3]. 
� t[0] = x[0]. 
� t[1] = 2x[0] + x[1].
� t[2] = 3x[0] + 2x[1] + x[2]. 
� t[3] = 4x[0] + 3x[1] + 2x[2] + x[3].

� y[2k+1] = 1 if and only if:
� The XOR of the odd bits is 0 (For t[2k+1]).
� The XOR of all bits is 0 (For s[2k+1]). 

� In order that y[2k] = 1 if and only if:

Q1 from Exam 2000a  (cont.)
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� In order that y[2k] = 1 if and only if:
� The XOR of the even bits is 0 (For t[2k]).
� The XOR of all bits is 0 (For s[2k]). 

� � Conclusion: The XOR of even bits and the 
XOR of odd bits should be 0. 



� Conclusion2: 
� We need to calculate the PPC-XOR of the odd 

bits. 
� We need to calculate the PPC-XOR of the even 

bits. 

Q1 from Exam 2000a  (cont.)
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bits. 
� We combine them with NOR gate, for each j. 

� Conclusion3: The circuit is composed of 2 
PPC-XOR (n/2) and linear number of gates.

Q1 from Exam 2000a  (cont.)
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� Using the optimal Implementation of PPC-OP 
we will achieve:

Q1 from Exam 2000a  (cont.)

( )( )Cost n O n=

31

( )
( ) ( )logDelay n O n=


