
Digital Logic Design: a rigorous approach c�
Chapter 7: Asymptotics

Guy Even Moti Medina

School of Electrical Engineering Tel-Aviv Univ.

April 6, 2020

Book Homepage:
http://www.eng.tau.ac.il/~guy/Even-Medina

1 / 32



Recurrence Equations

In this section we deal with the problem of solving or bounding the
rate of growth of functions f : N+ � R that are de�ned recursively.
We consider the typical cases that we will encounter later.
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Recurrence 1

Consider the recurrence

f (n)
�
=

�

1 if n = 1

n + f (
�

n
2

�

) if n > 1.

Why is f (n) interesting?

What is the rate of growth of f (n)?
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Recurrence 1 - motivation

f̂ (n)
�
=

�

0 if n = 1
n
2 + f̂ (

�

n
2

�

) if n > 1.
[f (n) = 1 + 2f̂ (n) = �(f̂ (n))]

Algorithm 1 MAX (x1, . . . , xn) - assume n is a power of 2
1 Base Case: If n = 1 then return x1.
2 Reduction Rule:

1 For i = 1 to n
2 Do: yi � max{x2i�1, x2i}

2 Return MAX (y1, . . . , yn/2)

Claim

Number of comparisons in MAX (x1, . . . , xn) equals f̂ (n).
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Recurrence 1 - analysis

f (n)
�
=

�

1 if n = 1

n + f (
�

n
2

�

) if n > 1.

Lemma

The rate of growth of the function f (n) is �(n).

start by proving for powers of 2.

what of n is not a power of 2?

what about f (n) = n+ f (�n2�)?
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Is it enough to solve for powers of 2?

Lemma

Assume that:

1 The functions f (n) and g(n) are both monotonically
nondecreasing.

2 The constant � satis�es, for every k � N,

g(2k+1)

g(2k)
� � .

Then,

1 If f (2k) = O(g(2k )), then f (n) = O(g(n)).

2 If f (2k) = �(g(2k )), then f (n) = �(g(n)).
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Recurrence 2.

Consider the recurrence

f (n)
�
=

�

1 if n = 1

n+ 2 · f (
�

n
2

�

) if n > 1.

Why is f (n) interesting?

What is the rate of growth of f (n)?
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Recurrence 2 - motivation

f̂ (n)
�
=

�

0 if n = 1

(n � 1) + 2f̂ (
�

n
2

�

) if n > 1.
[f (n) = f̂ (n) + 2n � 1]

Algorithm 2 SORT (x1, . . . , xn) - assume n is a power of 2
1 Base Case: If n = 1 then return x1.
2 Reduction Rule:

1 (y1, . . . , yn/2) � SORT (x1, . . . , xn/2)
2 (yn/2+1, . . . , yn) � SORT (xn/2+1, . . . , xn)
3 Return MERGE ((y1, . . . , yn/2), (yn/2+1, . . . , yn))

Claim

Number of comparisons in SORT (x1, . . . , xn) equals f̂ (n).
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Recurrence 2 - analysis

f (n)
�
=

�

1 if n = 1

n+ 2 · f (
�

n
2

�

) if n > 1.

Lemma

The rate of growth of the function f (n) is �(n log n).

prove for powers of 2

extend to arbitrary n
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Recurrence 3.

Consider the recurrence

f (n)
�
=

�

1 if n = 1

n+ 3 · f (
�

n
2

�

) if n > 1.

Lemma

The rate of growth of the function f (n) is �(nlog2 3).

hint: f (2k) = 3k+1 � 2k+1.
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Example - 1

Consider the recurrence

f (n)
�
=

�

c if n = 1

a · n + b + f (
�

n
2

�

) if n > 1,

where a, b, c are constants.

Lemma

The rate of growth of the function f (n) is �(n).

proof: f (2k) = 2a · 2k + b · k + c � 2a...
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Example -2

Consider the recurrence

f (n)
�
=

�

c if n = 1

a · n + b + 2 · f (
�

n
2

�

) if n > 1,

where a, b, c = O(1).

Lemma

The rate of growth of the function f (n) is �(n log n).

proof: We claim that f (2k) = a · k2k + (b + c) · 2k � b....
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Example - 3

Consider the recurrence

F (k)
�
=

�

1 if k = 0

2k + 2 · F (k � 1) if k > 0,

Lemma

F (k) = (k + 1) · 2k .

Proof: De�ne f (n)
�
= F (�log2 n�). Observe that f (2x)

�
= F (x)....
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Examples with �oor and ceiling

1

f (n)
�
=

�

1 if n = 1

1 + f (
�

n
2

�

) if n > 1,

2

f (n)
�
=

�

1 if n = 1

n + f (
�

n
2

�

) + f (�n2�) if n > 1,
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