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Example: Composition of Boolean formulas

If � = (�1 and �2), then

B�(v) = �̂v (�)

= �̂v (�1 and �2)

= Band(�̂v (�1), �̂v (�2))

= Band(B�1(v),B�2(v)).

Thus, we can express complicated Boolean functions by composing
long Boolean formulas.
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Composition of Boolean formulas

Lemma

If � = �1 � �2 for a binary connective �, then

�v � {0, 1}n : B�(v) = B�(B�1(v),B�2(v)).

37 / 57



equivalence and tautology

Claim

Two Boolean formulas p and q are logically equivalent if and only
if the formula (p � q) is a tautology.
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substitution

Substitution is used to compose large formulas from smaller ones.
For simplicity, we deal with substitution in formulas over two
variables; the generalization to formulas over any number of
variables is straightforward.

1 � � BF({X1,X2}, C),

2 �1,�2 � BF(U, C).

3 (G�,��) denotes the parse tree of �.

De�nition

Substitution of �i in � yields the Boolean formula
�(�1,�2) � BF(U, C) that is generated by the parse tree (G ,�)
de�ned as follows.
For every leaf of v � G� that is labeled by a variable Xi , replace
the leaf v by a new copy of (G�i

,��i
).
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example: substitution
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Figure: �, �1, �2, �(�1,�2)
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more on substitution

Substitution can be obtain by applying a simple
“�nd-and-replace”, where each instance of variable Xi is replaced
by a copy of the formula �i , for i � {1, 2}.
One can easily generalize substitution to formulas
� � BF({X1, . . . ,Xk}, C) for any k > 2. In this case,
�(�1, . . . ,�k) is obtained by replacing every instance of Xi by �i .
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truth values and substitution

Lemma

For every assignment � : U � {0, 1},

�̂(�(�1,�2)) = B�(�̂(�1), �̂ (�2)). (1)
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substitution preserves logical equivalence

Let
� � BF({X1,X2}, C),
�1,�2 � BF(U, C),
�̃ � BF({X1,X2}, C̃),
�̃1, �̃2 � BF(U, C̃).

Corollary

If �i and �̃i are logically equivalent, and � and �̃ are logically
equivalent, then �(�1,�2) and �̃(�̃1, �̃2) are logically equivalent.

Example

� = ¬(X1 · X2) �̃ =X̄1 + X̄2

�1 = A � B �̃1 =Ā+ B

�2 = C � D �̃2 =¬(C � D)
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example: changing connectives

Let C = {and,xor}. We wish to �nd a formula
�̃ � BF({X ,Y ,Z}, C) that is logically equivalent to the formula

�
�

= (X · Y ) + Z .

Parse �: �(�1,�2) with �1 = (X · Y ) and �2 = Z .
Find �̃ � BF({X1,X2}, C) that is logically equivalent to

�
�

= (X1 + X2).

�̃
�

= X1 � X2 � (X1 · X2).

Apply substitution to de�ne �̃
�

= �̃(�1,�2), thus

�̃
�

= �̃(�1,�2)

= �1 � �2 � (�1 · �2)

= (X · Y )� Z � ((X · Y ) · Z )

Indeed �̃ is logically equivalent to �.
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Complete Sets of Connectives

Every Boolean formula can be interpreted as Boolean function. In
this section we deal with the following question: Which sets of
connectives enable us to express every Boolean function?

De�nition

A Boolean function B : {0, 1}n � {0, 1} is expressible by
BF({X1, . . . ,Xn}, C) if there exists a formula
p � BF({X1, . . . ,Xn}, C) such that B = Bp.

De�nition

A set C of connectives is complete if every Boolean function
B : {0, 1}n � {0, 1} is expressible by BF({X1, . . . ,Xn}, C).
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Completeness of {¬,and,or}

Theorem

The set C = {¬,and,or} is a complete set of connectives.

Proof Outline: Induction on n (the arity of Boolean function).

1 Induction basis for n = 1.

2 Induction step for B : {0, 1}n � {0, 1} de�ne:

g(v1, . . . , vn�1)
�

= B(v1, . . . , vn�1, 0),

h(v1, . . . , vn�1)
�

= B(v1, . . . , vn�1, 1).

3 By induction hyp. �r , q � BF({X1, . . . ,Xn�1}, C) :
h = Br and Bq = g

4 Prove that Bp = B for the formula p de�ned by

p
�

= (q · X̄n) + (r · Xn)
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Theorem: changing connectives

Theorem

If the Boolean functions in {not,and,or} are expressible by
formulas in BF({X1,X2}, C̃), then C̃ is a complete set of
connectives.

Proof Outline:

1 Express � � BF({X1, . . . ,Xn}, C) by a logically equivalent
formula �̃ � BF({X1, . . . ,Xn}, C̃).

2 How? induction on the parse tree that generates �.
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Important Tautologies

Theorem

The following Boolean formulas are tautologies.

1 law of excluded middle: X + X̄

2 double negation: X � (¬¬X )

3 modus ponens: (((X � Y ) · X ) � Y )

4 contrapositive: (X � Y ) � (Ȳ � X̄ )

5 material implication: (X � Y ) � (X̄ + Y ).

6 distribution: X · (Y + Z ) � (X · Y + X · Z ).
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Substitution in Tautologies

Recall the lemma:

Lemma

For every assignment � : U � {0, 1},

�̂(�(�1,�2)) = B�(�̂(�1), �̂ (�2)). (2)

question

Let �1 and �2 be any Boolean formulas.

1 Consider the Boolean formula �
�

= �1 + not(�1). Prove or
refute that � is a tautology.

2 Consider the Boolean formula
�

�

= (�1 � �2) � (not(�1) + �2). Prove or refute that � is
a tautology.
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De Morgan’s Laws

Theorem (De Morgan’s Laws)

The following two Boolean formulas are tautologies:

1 (¬(X + Y )) � (X̄ · Ȳ ).

2 (¬(X · Y )) � (X̄ + Ȳ ).
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