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De Morgan’s Laws

Theorem (De Morgan's Laws)

The following two Boolean formulas are tautologies:
Q (~(X+Y)) < (X V).
Q (—(X-Y) &= (X+Y)
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De Morgan Dual

Given a Boolean Formula ¢ € BF(U,{V,A,—}), apply the
following “replacements”:

o X;i— —X;

@ —X;— X;

o Vi A

@ AN—=V
What do you get?

Example

¢ = (X1 % =2X2) 0 (% + Xs)
is replaced by

dual(go) = (—\Xl ; X2) S (X2 o —|X3).

sewaatic
What is the'relation between ¢ and dual(p)?
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De Morgan Dual

We define the De Morgan Dual using a recursive algorithm.
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Algorithm 3 DM(yp) - An algorithm for computing the De Morgan
dual of a Boolean formula ¢ € BF({Xi,...,Xs},{—, OR, AND}).
@ Base Cases:
@ If ¢ =0, then return 1. If ¢ =1, then return 0.
@ If ¢ = (—0), then return 0. If ¢ = (—1), then return 1.
@ If ¢ = X;, then return (—X;).
O If ¢ = (=X;), then return X;.
© Reduction Rules:
@ If o = (—p1), then return (=DM(ip1)).
O If o = (¢1 - ¢2), then return (DM(p1) + DM(¢2)).
O If v = (g1 + ¢2), then return (DM(1) - DM(¢2)).

DM(X - (= Y)).




D\\/\( X_\\;) N DM(Q‘»PZ):W(\Q
_ ~ DM (f,)
':'D("\<7<> -+ 'DMC\X/>

_ ) ) D (%) = >
— ~ - \\ 'D\N\(\? >:\\"

DM noX (YD) N ey = pme)
= V\o*«DM( Y+Y\>> DR(P ) =)
—= woX < DM (K) = DM <\ﬂ> o)

— V\"ﬁ( 52((3 >®\r«(x\c§



De Morgan Dual

Prove that DM(p) € BF.

The dual can be obtained by applying replacements to the labels in
the parse tree of ¢ or directly to the “characters” of the string .

For every Boolean formula ¢, DM(p) is logically equivalent to

(—¢).

For every Boolean formula ¢, DM(DM(y)) is logically equivalent
to p.

Nice trick, but is it of any use?!

54 / 57



THM DM(e) =) ¢
Lofgj Cow?\e’te W, om Sie W ofﬁ z\mrtge Avea .

onsis nN= A2 © 2C Xo’ « X‘\, not (X;) 3,
I\\‘\\@), V\‘A(Q

che ke \'
hapi  Sige of pevse Arer of X <m
— DM(P) & ¢

Shep s xe Lo RT %t S
=, F, DMi¥) = Dwmi ) - dM(P,)
(e - semsindin) <=5 % T

A -M - TAVNT
- A—wy\ > > et (¢, *%,)
ool St Au Ao ny






Negation Normal Form

A formula is in negation normal form if negation is applied only
directly to variables or constants. (-0 =1, =1 =0, so we can
easily eliminate negations of constants)

Definition

A Boolean formula ¢ € BF({Xi,...,Xp},{—, OR,AND}) is in
negation normal form if the parse tree (G, 7) of ¢ satisfies the
following condition. If a vertex’in G is labeled by negation (i.e.,
m(v) = ), then v is a parent of a leaf.

o —|(X1 aF X2) and (—|X1 ° —|X2).
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Negation Normal Form

Definition

A Boolean formula ¢ € BF({Xi,...,Xn},{—, OR,AND}) is in
negation normal form if the parse tree (G, ) of ¢ satisfies the
following condition. If a vertex in G is labeled by negation (i.e.,
m(v) = =), then v is a parent of a leaf.

Q¥er(C\ e

If ¢ is in negation normal form, then so is DM(p).

We present an algorithm NNF(y) that transforms a Boolean
formula ¢ into a logically equivalent formula in negation normal
form.
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Algorithm 4 NNF(¢) - An algorithm for comput-
ing the negation normal form of a Boolean formula
v € BF({Xi,...,Xn},{, OR, AND}).
© Base Cases: If ¢ € {0,1, X;, (—X;), 0,1}, then return ¢.
@ Reduction Rules:
@ If ¢ = (1), then return DM(NNF(¢1)).

@ If o = (o1 ¥2), then return (NNF(¢1) - NNF(2)).
O If o = (¢1 + ¢2), then return (NNF(p1) + NNF(¢2)).

Let p € BF({X1,...,Xn},{—,OR,AND}). Then, NNF(yp) is
logically equivalent to ¢ and in negation normal form.
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